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Abstract
We extend the results of Külshammer [J. Pure Appl. Algebra 86 (1993) 65] on the tensor product
of algebras and modules over an algebraically closed ﬁeld to lattices over local rings.We also present
some applications to ﬁnite group modular representation theory.
© 2004 Published by Elsevier B.V.
MSC: 20C20
This article evolved out of the goal of extending the results of [6] to the standard integral
ﬁnite group modular representation theory context.
In this paper, all rings have identities and all modules over a ring are ﬁnitely generated
unitary left modules. We shall generally follow the notation and terminology of [7,8].
Let O be a commutative noetherian ring and let A and B be O-algebras that are ﬁnitely
generated as O-modules. Thus, A
⊗
OB (cf. [5, Section 3.9]) is an O-algebra that is ﬁnitely
generated over O.
We shall denote the category of ﬁnitely generated left A-modules by A-mod. If X is a
module in A-mod and X is (ﬁnitely generated and) O-free, then X is said to be an A-lattice.
If n is a positive integer, then Mn(A) denotes the (ﬁnitely generated) O-algebra of n × n
matrices over A. Similar deﬁnitions apply to O, B and A
⊗
OB.
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Let X be an A-module and let Y be a B-module. Then X
⊗
OY is an A
⊗
OB-module in
the standard fashion: (a⊗Ob) (x⊗Oy) = (ax)⊗O (by) for all a ∈ A, b ∈ B, x ∈ X and
y ∈ Y .
1. Preliminary results
We shall require some basic results.
Lemma 1.1. (a) J (O)A is an ideal in A that is contained in J (A);
(b) J (A/(J (O)A))= J (A)/(J (O)A);
(c) if x ∈ J (A) and x2 = x, then x = 0; and
(d) if x ∈ J (A) and 1A + x is an idempotent, then x = 0.
Proof. Part (a) is contained in [3, I, Lemma 8.15], (b) is standard and (c) follows from [4,
Section 4.2, Proposition 4.5]. Finally, let x ∈ J (A). Then 1 + x is a unit in A. Hence, if
(1+ x)2 = (1A + x), then 1A + x ≡ 1A and we are done. 
Let n,m be positive integers.As is well-known, we have the followingO-algebra isomor-
phisms: Mn(O)
⊗
OMm(O)=˜Mnm(O), Mn(A)=˜A
⊗
OMn(O) and Mm(B)=˜B
⊗
OMm(O).
Thus, Mn(A)
⊗
OMm(B)=˜(A
⊗
OMn(O)
⊗
O(B
⊗
OMm(O)=˜(A
⊗
OB)
⊗
O(Mn(O)
⊗
O
Mm(O))=˜(A⊗OB)⊗OMmn (O)=˜Mnm(A⊗OB) as O-algebras. We have proved:
Lemma 1.2. Mn(A)
⊗
OMm(B)=˜Mnm(A
⊗
OB) as O-algebras.
LetQ be a proper ideal ofO and letU be a free ﬁnitely generatedO-module. Set k=O/Q
and U¯ = U/(QU) so that U¯ is a free k-module. We clearly have:
Lemma 1.3. (a)The naturalO-algebra map  : EndO(U)→ Endk(U¯ ) such that (T )(u+
QU)= T (u)+QU for all u ∈ U and all T ∈ EndO(U) is an epimorphism with ker()=
QEndO(U); and
(b) thewell-deﬁnedmap  : k⊗OEndO(U)→ Endk(U¯ ) such that (a¯⊗OT )(u+QU)=
aT (u)+QU for all u ∈ U , all a ∈ O and all T ∈ EndO(U) is an O-algebra isomorphism.
LetX be amodule inA-mod and letY be amodule inB-mod.Thus,X
⊗
OY is amodule in
A
⊗
OB-modand there is a naturalO-algebra homomorphismS : EndA(X)
⊗
OEndB(Y )→
EndA⊗OB(X
⊗
OY ) such that S(
⊗
O)(x
⊗
Oy) = (x)
⊗
O(y) for all x ∈ X, y ∈ Y ,
 ∈ EndA(X) and  ∈ EndB(Y ).
Lemma 1.4. Assume that X is an A-lattice and Y is a B-lattice. Then:
(a)X⊗OY is anA⊗OB-lattice, EndO(X), EndO(Y ) andEndO(X⊗OY ) are isomorphic
to full matrix algebras over O and the natural O-algebra homomorphism of EndO(X)
⊗
O
EndO(Y )→ EndO(X
⊗
OY ) is an isomorphism; and
(b) if O is a principal ideal domain, then S : EndA(X)⊗OEndB(Y ) → EndA⊗OB
(X
⊗
OY ) is an O-algebra isomorphism.
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Proof. Here (a) iswell-known.Assume thatO is a principal ideal domain. SinceEndA(X)
EndO(X) and EndB(Y )EndO(Y ), both EndA(X) and EndB(Y ) are free and ﬁnitely gen-
erated in O-mod. Let iX : EndA(X) → EndO(X) and iY : EndB(Y ) → EndO(Y ) denote
the inclusion maps. Then iX ⊗ I : EndA(X)⊗OEndB(Y ) → EndO(X)⊗OEndB(Y ) and
I ∗ ⊗ iY : EndO(X)
⊗
OEndB(Y )→ EndO(X)
⊗
OEndO(Y ) are injections where I , I ∗ are
the obvious identity maps. Thus, S = (I ∗ ⊗ iY ) ◦ (iX ⊗ I ) : EndA(X)⊗OEndB(Y ) →
EndA⊗B(X
⊗
OY ) is injective. Since EndA(X) and EndB(Y ) are free O-submodules of
EndO(X), EndO(Y ), resp., the proof of [1, Lemma 10.37] demonstrates that S is surjective
and we are done. 
2. Tensor product results
Let A be an ideal in A, let B be an ideal in B, set A¯ = A/A and B¯ = B/B and let
p : A→ A¯ and q : B → B¯ denote the canonic O-algebra epimorphisms.
Let A
⊗
OB denote the O-submodule of A
⊗
OB generated by all elements of form

⊗
O for all  ∈ A and all  ∈ B. Clearly, A
⊗
OB is an ideal of A
⊗
OB and p ⊗
q : A⊗OB → A¯⊗OB¯ is an O-algebra epimorphism such that A⊗OB + A⊗OB
Ker(p ⊗ q).
For the remainder of this paper, we shall assume:
k = O/J (O) is a ﬁeld (i.e.,O is a local commutative noetherian ring).
(We shall let−:O→ k, denote the natural ring epimorphism.) (2.1)
Since J (O)AJ (A), A/(J (O)A) is a ﬁnite dimensional algebra over k and J (A/
(J (O)A)) =J (A)/(J (O)A). Thus, J (A)e J (O)A for some positive integer e and so
(J (A)⊗OB)e (J (O)A) ⊗OB = J (O) (A⊗OB) J (A⊗OB) and J (A)⊗OB
J (A
⊗
OB). Similar facts hold for B.
Proposition 2.1. Assume that J (O)AA and J (O)BB. ThenKer(p⊗q)=A⊗OB+
A
⊗
OB and p ⊗ q induces a k-algebra isomorphism p ⊗ q : (A
⊗
OB)/(A
⊗
OB +
A
⊗
OB)→ A¯
⊗
kB¯.
Proof. Since A¯ = A/A is a ﬁnite dimensional k-algebra, there is a set {i | i ∈ I } ⊆ A
where I is a ﬁnite set such that {¯i | i ∈ I } is a k-basis of A¯. Similarly, there is a set
{i | j ∈ J } ⊆ B where J is a ﬁnite set such that {¯j | j ∈ J } is a k-basis of B. Hence,
A= (∑i∈IOi )+A and B = (∑j∈JOj )+B.
Let  =∑nr=1(ur⊗Ovr) ∈ Ker(p ⊗ q) for some positive integer n where ur ∈ A and
vr ∈ B for all 1rn. Then ur = (∑i∈I ciri ) + r , vr = (∑j∈J djrj ) + r for some{cir , djr | i ∈ I and j ∈ J } ⊆ O,r ∈A and r ∈ B for all 1rn. Thus,
 ∈

 n∑
r=1
∑
i∈I
∑
j∈J
(cirdjr )(i
⊗
O
j )

+A⊗
O
B + A
⊗
O
B,
so that (p ⊗ q)() = 0 =∑i∈I∑j∈J (∑nr=1(c¯ir d¯jr )(¯i⊗O¯j ). We conclude that ∑nr=1
cirdjr ∈ J (O) for all i ∈ I and all j ∈ J since {¯i⊗k¯j | i ∈ I and j ∈ J } is a k-basis of
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A¯
⊗
kB¯. Hence,  ∈ J (O)(A
⊗
OB)+A
⊗
OB +A
⊗
OB= (J (O)A)
⊗
OB +A
⊗
OB +
A
⊗
OB=A
⊗
OB + A
⊗
OB and we are done. 
Since k = O/J (O) is a ﬁeld, A/J (A)=˜⊕1u rMnu(Du) for a unique positive in-
teger r , a unique set of positive integers {nu | 1ur}, and a set of k-division algebras
{Du | 1ur} that are uniqueup to isomorphism.Similarly,B/J (B)=˜⊕1v sMmv (Ev)
for a unique positive integer s, a unique set of positive integers {mv | 1vs} and a set
of k-division algebras {Ev | 1vs} that are unique up to isomorphism.
Utilizing Proposition 2.1, we have:
Corollary 2.2. (A
⊗
OB)/((J (A)
⊗
OB) + (A
⊗
OJ (B)))=˜
⊕
1 u r
1 v s
(Mnu(Du)
⊗
k
Mmv (Ev)) as k-algebras.
SinceMnu(Du)
⊗
kMmv (Ev)=˜(Du
⊗
kEv)
⊗
kMnumv (k)=˜Mnumv (Du
⊗
kEv)byLemma
1.2 for all 1ur and 1vs, we conclude from [4, Section 4.2, Exercise 8]:
Corollary 2.3. J (A
⊗
OB)= J (A)
⊗
OB +A
⊗
OJ (B) if and only ifDu
⊗
kEv is a semi-
simple k-algebra for all 1ur and all 1vs. In particular,J (A⊗OB)=J (A)⊗OB+
A
⊗
OJ (B) if A/J (A) is a separable k-algebra or if B/J (B) is a separable k-algebra.
Remark 2.4. Corollary 2.3 generalizes [1, Corollary 7.8(i)].
3. Applications to the ﬁnite group modular representation theory context
We shall, for the remainder of this paper, assume, as in [8, Assumption 2.1]:
O is a commutative local complete noetherian ring such that
k = O/J (O) is an algebraically closed ﬁeld of characteristicp. (3.1)
We do not exclude the possibility that J (O)= (0) so that O= k.
By [8, Corollaries 4.5 and 4.6], an A-moduleX is indecomposable in A-mod if and only
if EndA(X) is a local ring. In which case, EndA(X)/J (EndA(X))=˜k since k is algebraically
closed. Similar facts hold for B-modules and A
⊗
OB-modules.
As is well-known, in any local ring R, 0 and 1R are the only idempotents of R. Here,
because of (3.1) and [8, Theorem 3.1(b) and Exercise 2.1], we have:
Lemma 3.1. Let A be an O-algebra which is ﬁnitely generated in O-mod. Then:
(a) A is a local ring if and only if 0 and 1A are the only idempotents of A; and
(b) suppose that A is a local ring and that B is an O-subalgebra of A with a nonzero
identity. Then B is also a local ring, 1B = 1A, A = B + J (A), J (B) = B ∩ J (A) and
B/J (B)=˜A/J (A)=˜k as k-algebras.
For the remainder of this paper, we shall further assume:
O is a complete discrete valuation ring. (3.2)
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Applying Lemma 1.4 and Corollary 2.2, we have extended [6, Proposition 1.1] to:
Proposition 3.2. Suppose that X is an A-lattice and Y is a B-lattice. Then X
⊗
OY is inde-
composable in A
⊗
OB-mod if and only if X is indecomposable in A-mod andY is indecom-
posable in B-mod.
We immediately conclude:
Corollary 3.3. Suppose that A and B are free in O-mod and let i, j be idempotents in A, B
resp., so that i
⊗
Oj is an idempotent in A
⊗
OB. Then i
⊗
Oj is a primitive idempotent in
A
⊗
OB if and only if i is a primitive idempotent in A and j is a primitive idempotent in B.
The proof of [6, Proposition 1.2] yields the following extension of [6, Proposition 1.2; 3,
III, Lemma 3.6]:
Proposition 3.4. Let G and H be ﬁnite groups, let M be an indecomposable OG-lattice
with vertex V and source S in OV-mod and Green correspondent K in ONG(V )-mod. Also
let N be an indecomposable OH-lattice with vertex W and source T in OW-mod and Green
correspondent L in ONH(W).
ThenM
⊗
ON is an indecomposable O(G×H)-lattice with vertex V ×W, S
⊗
OT is a
source ofM⊗ON in O(V ×W)-mod andK⊗OL is the Green correspondent ofM⊗ON
in O(NG(V )×NH(W))-mod.
The ﬁnal main result of this paper is:
Proposition 3.5. Let H be a normal subgroup of the ﬁnite group G, let M be an OG-lattice
such that ResGH (M) is indecomposable in OH -mod. Let N be an O(G/H)-lattice and let
InfGG/H (N) denote the inﬂation of N to an OG-module. Assume that N¯ = N/(J (O)N) is
an indecomposable k(G/H)-module (and hence N is indecomposable in O(G/H)-mod).
Then (a)M⊗OInfGG/H (N) (with diagonal action) is indecomposable in OG-mod; and,
(b) if U is a vertex ofM⊗OInfGG/H (N), then N¯ is UH/H -projective.
Since Sylp(G/H) is the set of vertices of the trivial G/H -module O and k = O/J (O),
we have:
Corollary 3.6. Let G, H and M be as in Proposition 3.5 and let U be a vertex of M. Then
UH/H ∈ Sylp(G/H).
Remark 3.7. In the aboveproposition, the hypothesis that N¯ is indecomposable in k(G/H)-
mod rather than just that N is indecomposable in O(G/H)-mod is necessary because of:
Example 3.8 (Dade [2]). Let G be a dihedral group of order 8 and let H -be a normal
Klein 4-subgroup ofG. LetH =〈〉× 〈〉, where |〈〉|= |〈〉|= 2 andG=N〈〉, where
|〈〉| = 2,  =  and  = .
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Assume that the ﬁeld of quotients K of O has characteristic zero, the residue ﬁeld k =
O/J (O) of O has characteristic two and that
√
2 ∈ J (O).
Let V be an irreducible KG-module of dimension 2. Then V has a K-basis {v1, v2} such
that:
v1 = − v1, v2 =−v2,
v1 = v1, v2 =−v2,
v1 = v2, v2 = v1. (3.3)
Set m1 = v1 + v2 and m2 =
√
2v2 andM = Om1 + Om2. Then:
m1 = −m1, m2 =−m2,
m1 =m1 −
√
2m2, m2 =−m2,
m1 =m1, m2 =
√
2m1 −m2. (3.4)
Hence,M=Om1+Om2 is anOG-sublattice ofV such thatKM=V . SinceEndKG(V )=˜K ,
we have EndOG(M)=˜O. Moreover, ResGH (V ) = Kv1 ⊕ Kv2 where Kv1, Kv2 are one-
dimensional KH -submodules of ResGH (V ) that are not isomorphic in KH -mod. Thus,
EndKH (V )=K	1⊕K	2 where 	i (vj )=
ij vj and where 
ij is the usual Kronecker delta
and {i, j} ⊆ {1, 2}.
Let a1, a2 ∈ K . Then (a1	1+a2	2)(m1)=(a1	1+a2	2)(v1+v2)=a1v1+a2v2=a1(v1+
v2)+ a2−a1√2 (
√
2v2)= a1m1+ a2−a1√2 m2 and (a1	1+ a2	2)(m2)= (a1	1+ a2	2)(
√
2v2)=
a2m2. Since EndOH (M)= {e ∈ EndKH (V ) | e(M)M}, we have EndOH (M)= {a1	1 +
a2	2 | a1, a2 ∈ O and a1 − a2 ∈
√
2O}. Since √2 ∈ J (O), we have J (EndOH (M)) =
{a1	1 + a2	2 | a1, a2 ∈ J (O) and a1 − a2 ∈
√
2O}. Hence, EndOH (M) /J (EndOH (M))=˜
O/J (O)= k. It follows that ResGH (M) is indecomposable in OH -mod.
Next, let U be a KG-module of dimension two with K-basis u1, u2 such that H acts
trivially on U and u1 = u1 and u2 =−u2.
Set n1 = u1 + u2 and n2 =
√
2u2 and N = On1 + On2. Then
H acts trivially on N, n1 = u1 − u2 = n1 −
√
2n2. (3.5)
Hence, N = On1 + On2 is an OG-sublattice of U such that KN =U and EndO〈〉(N)=
EndOG(N). Moreover, EndO〈〉(N)=˜EndO〈〉(M) as O-algebras since there is an isomor-
phism of the O〈〉-lattice ResG〈〉(N) that sends m1 to n1, m2 to n2 and  to . Note
that m = −m for all m ∈ M so that EndOH (M) = EndO〈〉(M). We conclude that
EndOG(N)/J (EndOG(N))=˜EndOH (M)/J (EndOH (M))=˜k and hence N is an absolutely
indecomposable OG-lattice.
Now consider the tensor product OG-lattice M
⊗
ON with diagonal G-action. Here
M
⊗
ON =
∑
1 i,j2O(mi
⊗
Onj ) and since On2 is an OG-sublattice ofN ,A=O(m1⊗
n2)+ O(m2 ⊗ n2) is an OG-sublattice ofM⊗ON . Set
b1 =m1 ⊗ n1 −
√
2(m1 ⊗ n2)+m2 ⊗ n2,
b2 =m2 ⊗ n1
and
B= Ob1 + Ob2. (3.6)
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Then  = − for all  ∈ M⊗ON;b1 = b1 − √2b2, b2 = −b2, b1 = b1 and
b2=
√
2b1− b2. Thus,B is also an OG-sublattice ofM⊗ON . SinceM⊗ON =A+B
andA ∩B= (0), we haveM ⊗N =A⊕B in OG-mod. This establishes Remark 3.7.
Remark 3.9. As in Proposition 3.5,UH/H is not necessarily a vertex of N¯ as the following
example demonstrates. (Thus, in Proposition 3.5(b), we cannot prove that UH/H is a vertex
of N¯ in general.)
Example 3.10 (Knörr [6]). Let G be a quaternion group of order 8 and let H = 〈1〉.
Assume also that the quotient ﬁeld K of O has characteristic zero and that the polynomials
x2 + 1 and x2 − 2 split in K and hence in O. Let i denote a root of x2 + 1= 0 and let √2
denote a root of x2 − 2= 0.
Consider the elements:
E =
(
1 0
0 1
)
, A=
(
0 1
−1 0
)
and B =
(
1 i
√
2
i
√
2 −1
)
ofM2(O).
Then A2 = B2 = −E and AB = −BA. Thus, we have a faithful indecomposable OG-
lattice Nwhere rank (N/O)=2,K⊗ON is irreducible in KG-mod and CharK(K⊗ON) is
the irreducible character ofG of degree 2. LetM=O, the trivialOG-lattice. Thus, ResGH (O)
is indecomposable and M
⊗
ON=˜N in OG-mod (with diagonal action on M
⊗
ON ). We
complete this example by demonstrating that N¯ has vertex 〈B〉 while N has vertex G =
〈A,B〉.
Since
√
2 ∈ J (O), we observe that Ker(N¯)= 〈B〉 and N¯ is a projective indecomposable
O(G/〈B〉)-module (whereG/〈B〉=˜C2). Thus, N¯ has vertex 〈B〉 and a vertex of N is either
〈B〉 or G.
Here, EndO〈B〉(N)=
{(
a
b
b
a+bi√2
)
| a, b ∈ O
}
. Fix a, b ∈ O and set C=
(
a
b
b
a+bi√2
)
.
Then T rG〈B〉(C)= C +ACA−1 = (2a + bi
√
2)E. Since 2a + bi√2=√2(√2a + bi) and√
2 ∈ J (O), we conclude that T rG〈B〉(C) = E. It follows from a well-known result of
Higman [3, II, Theorem 3.8] that N is not 〈B〉-projective. Thus, G is a vertex of N and we
are done.
Remark 3.11. The proof of [6, Proposition 3.1] yields an analog of [6, Proposition 3.1]
in our context. A similar statement holds for [6, Proposition 4.1 and Remarks 4.2 and
4.3] (where in Remark 4.3 we must also assume that M¯2 is an indecomposable k(H/K)-
module). Also the proof of [6, Proposition 5.1] yields an analog of the ﬁrst conclusion of
[6, Proposition 5.1] (under the additional hypotheses that the relevant modules areO-lattices
and that N¯ is indecomposable in kS-mod) and a weakening of the second conclusion of
[6, Proposition 5.1]. Finally, the ideas in [6, Section 6] clearly apply in our context.
Proof of Proposition 3.5. We follow the analysis of [6, Section 2]. For simplicity of no-
tation, we shall identify N with InfGG/H (N) when no confusion is possible.
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Here EndO(M), EndO(N) and EndO(M
⊗
ON) are O free G-algebras with G acting by
conjugation andS : EndO(M)
⊗
OEndO(N)→ EndO(M
⊗
O(N) is aG-isomorphismofO-
algebras.Also, (EndO(M)
⊗
OEndO(N))H=EndOH (M)
⊗
OEndO(N) and EndOH (M) and
EndO(N) areG/H -algebras. SinceResGH (M) is indecomposable inOH -mod, EndOH (M)=
OIM +J (EndOH (M)) and (OIM)∩J (EndOH (M))=J (O)IM . Consequently, we have the
short exact G/H -sequence
(0)→ J (EndOH (M)) i→ EndOH (M) 	→ k → (0), (3.7)
where G/H acts trivially on k, where i is the inclusion map and where 	 is deﬁned by
aIM + j → a + J (O) for all a ∈ O and all j ∈ J (EndOH (M)).
Consequently, the sequence
(0)→ J (EndOH (M))
⊗
O
EndO(N)
i⊗I−−→EndOH (M)
⊗
O
EndO(N)
	⊗I−−→ k
⊗
O
EndO(N)→ (0), (3.8)
whereI is the identity map of EndO(N) is also a short exact G/H -sequence.
Note that Lemma 1.3 implies that  : k⊗OEndO(N)→ Endk(N¯) such that
(a¯
⊗
O
T )(n+ J (O)N)= aT (n)+ J (O)N
for all n ∈ N, a ∈ O and all T ∈ EndO(N) is a G/H -isomorphism of k-algebras and
that EndkG(N¯)=˜(k⊗OEndO(N))G is a local ring since N¯ is indecomposable in kG-mod.
Moreover, (i ⊗ I)(J (EndOH (M)
⊗
OEndO(N))J (EndOH (M)
⊗
OEndO(N)) as noted
in Section 2. Consequently, the sequence
(0)→ (J (EndOH (M))
⊗
O
EndO(N))G
i⊗I−−→ (EndOH (M)
⊗
O
EndO(N))G
	⊗I−−→ (k
⊗
O
EndO(N))G (3.9)
is exact.
Observe
(i ⊗I)((J (EndOH (M))
⊗
O
EndO(N))G)
(J (EndOH (M))
⊗
O
EndO(N)) ∩ ((EndOH (M)
⊗
O
EndO(N))G)
and
(J (EndOH (M))
⊗
O
EndO(N)) ∩ ((EndOH (M)
⊗
O
EndO(N))G)
J ((EndOH (M)
⊗
O
EndO(N))G)
because of [8, Exercise 2.1]. Here, (3.9) implies that
(EndOH (M)
⊗
O
EndO(N))G/(i ⊗I)((J (EndOH (M))
⊗
O
EndO(N))G)
is isomorphic to a subalgebra of EndkG(N¯) which is a local ring. Since (EndOH (M)⊗
OEndO(N))G =˜EndOG (M
⊗
ON) as O-algebras, we conclude from [3, I, Lemma 6.7]
and Lemma 3.1(b) that (a) holds.
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LetU be a vertex ofM
⊗
OInfGG/H (N). Then, as in the proof of [6, Proposition 2.1], there
is an f ∈ EndOU(M⊗N)=EndO(M⊗N)U such that IM⊗N=T rGU(f ). Thus, T rUHU (f ) ∈
EndOH (M⊗N)=˜EndOH (M)
⊗
OEndO(N). Consequently, T rUHU (f )= (IM
⊗
Og)+h for
some g ∈ EndO(N) and h ∈ J (EndOH (M))
⊗
OEndO(N). Thus, (◦ (	⊗I))T rUHU (f )=
g˜ ∈ Endk(N), where g¯(n+ J (O)N)= g(n)+ J (O)N . Let x ∈ UH . Then
xg˜ = x( ◦ (	⊗I)(T rUHU (f )))=  ◦ (	⊗I)(xT rUHU (f ))
=  ◦ (	⊗I)(T rUHU (f ))= g˜,
so that g˜ ∈ EndkUH (N¯).
Since T rG/HUH/H (g˜)= T rGUH ( ◦ (	⊗I)T rUHU (f ))=  ◦ (	⊗I)T rGUH (T rUHU (f ))=
 ◦ (	⊗I)(IM⊗N)= IN¯ , (b) follows and our proof is complete. 
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